Abstract. Let (R, m, k) be a two-dimensional regular local ring with algebraically closed residue field k and I be an m-primary integrally closed ideal in R. Let T(I) be the set of Rees valuations of I and k(v) be the residue field of the valuation ring V associated with v ∈ T (I). Assume that (a, b) is any minimal reduction of I. We show that if I is the product of the distinct simple m-primary integrally closed ideals in (R, m, k), then k(v) is generated by the image of a/b over k for all v ∈ T (I), and the converse of this is also true.
Introduction
Throughout this paper (R, m, k) will denote a 2-dimensional regular local ring (RLR for short) with residue field k and quotient field K. Let I be an m-primary integrally closed ideal in (R, m, k). Concerning the structure of the integrally closed ideals in a 2-dimensional RLR (R, m, k), O. Zariski proved three beautiful theorems which are the main background for this paper. Zariski l , µ i ≥ 1, where I 1 , · · · , I l are distinct simple m-primary integrally closed ideals in (R, m, k). Zariski also set up an one-to-one correspondence between the set of simple integrally closed ideals of R and the set of prime divisors of the second kind on R ( [8] , Appendix 5, Theorem E). Therefore, if Min(mR[I/a]) = { q 1 , · · · , q λ } then λ = l and, upon reordering, v i is the valuation of (R[I/a]) qi , where v i is the prime divisor associated to the ideal I i for i = 1, · · · , l.
We denote by k(v) the residue field of the valuation ring V associated with v. Assume that k is an algebraically closed field. Then k(v) is a simple transcendental field extension of k for all v ∈ T (I). Moreover, if (a, b) is any minimal reduction of I, then for all v ∈ T (I), the image of a/b in k(v) is transcendental over k. We show that if I = I 1 · · · I l , where I 1 , · · · , I l are distinct simple m-primary integrally closed ideals in (R, m, k), then k(v) is generated by the image of a/b over k for all v ∈ T (I), and the converse of this is also true. Section 2 is devoted to some preliminaries. In section 3, we will prove main results.
Preliminaries
Let (A, n) be a local ring and I an ideal of A. An ideal J contained in I is called a reduction of I if JI s = I s+1 for some integer s ≥ 0. A reduction J of I is called a minimal reduction of I if J is minimal with respect to being a reduction of I. The order o(I) of an ideal I of a local ring (A, n) is r if I ⊆ n r but I ⊆ n r+1 . We will use notation e(I) to denote the multiplicity of an n-primary ideal I of A. Recall that an ideal is simple if it is not the unit ideal and has no nontrivial factorization. An element a ∈ A is said to be integral over an ideal I of A if a satisfies an equation of the form a n + r 1 a n−1 + · · · + r n = 0,
The set of all elements in A which are integral over an ideal I forms an ideal, denoted by I and called the integral closure of I. An ideal I is said to be integrally closed (or equivalently "complete") if I = I. In a d-dimensional local domain (A, n, l) with quotient field L, by a prime divisor of the second kind on A (or equivalently prime divisor of (A, n)) we mean a discrete valuation v of L on A which is non-negative on A and has center n on A and whose residual transcendence degree (denoted by tr.
, a polynomial ring in one-variable over the field A/n.
Proof. Define the canonical homomorphism
is a domain. By Theorem 11.13. in [7] , Ker(φ) is generated by linear polynomials cX − d with u = d/c, where c, d ∈ A. It is not difficult to see that c and d are in the maximal idael n of A. Hence we have the following exact sequence :
where φ is the map induced by φ. Hence we have
is a polynomial ring one-variable over the field A/n, and so nA[u] is a prime ideal in A[u].
Main results
The following lemma will play a key role in the proofs of the first main result. ( We remark that Theorem 3.2 does not extend, in general, to the case where I is a power of a simple ideal. , and hence the image of 
Then e(J) = e(JT ). (1)
Proof. 
